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Appendix B: Detailed proofs of the main results

We next give the detailed proofs of the main results in Sections 2 and 3 of the main
article. In the sequel, we use C to denote a positive constant whose value may vary from
place to place, and for brevity of analysis, we assume, without loss of generality, that the

dimensionality of © is d = 1.

PROOF OF THEOREM 2.1(i). Note that under the sequence of local alternative hypotheses
HE, we have
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Using Lemma A.4(i) and (ii) and arguments similar to those in the proof of Theorem 2.1

in Gao et al (2009b), we have, as n — oo,
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for some constants 0 < ¢] < ¢ < o0o. This result will be frequently used when we evaluate
the orders of @m(h) for i = 2,---,6 in the subsequent proof.

We first show that o
Qn,2(h)
On

In order to prove (B.4), we will need to deal with the following term:

= op(1). (B.4)
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where gg(v,0) is the first derivative of g(v,#) with respect to 6.
Recalling that ps(-) is the marginal density function of V; and letting ¢(-) be the marginal

density of X2 \[, by Lemma A.1 in the main article, there exists a positive constant ¢y such that

B 1 v co
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uniformly for v as t — oo. Let qst( ) be the joint density function of ( \/TZS \‘;Sg) and gg(+|u)
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be the conditional density of Y \/7 given U for t > s. By Lemma A.1, we can show
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that as t — s = oo,
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where pg (-, ) is the joint density function of (V¢ Vj).
Without loss of generality, we assume that both (B.6) and (B.7) hold for all ¢ > s. We
are now ready to evaluate the order of (B.5). For any small enough ¢ > 0 and a large enough

c(¢) with ¢(¢) > (/72 gg(v,ﬂo)dv/g)Q, using (B.6) and (B.7), we have
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which implies

>0 > 90V 00)Kssdo(Vs, 00) = Op (nh). (B.8)
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By Lemma A.2(i), we have, as n — oo
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when 9, = o (n_l/Sh_1/4). We thus complete the proof of (B.4).

We next evaluate the orders of @m(h), 1 =3, 4, 5, 6. By Definition 2.5, we can find an
integrable function T'(-) such that

max { A2 (v), |An(v) Ay (v)|} < 62T (v). (B.10)
Using (B.3) and (B.10) and a derivation similar to that of (B.8), we have, as n — oo
@n73(h) =Op (5Znh) =op (n3/4\/ﬁ) = op(ay) (B.11)
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For Q,, 4(h), note that
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which, together with (B.4) and (B.11), leads to
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On

In order to deal with @n 5(h), we first evaluate the second moment of the following form

n
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In order to simplify the notation, define A(v) = gg(v,0y). Note that
1
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We only consider the case of 1 < s5 < s1 < t < n as other cases can be handled
analogously. For ease of exposition, let Vi, ; = V; — Vi, and Vi, 5, = Vi, — V,,. Using the
same arguments as those in the derivations of Lemma A.1 in Gao et al (2009b) and (B.8),

we have
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where p(-,-,-) and ¢(-,,-) are the joint density functions of

1 1 1
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respectively. Similarly, we can show that

(Vsl,hvsz,sl,vsz) and (

Qus1(1) = O (nh) = o(n?h?). (B.17)

Thus, using Assumptions 1 and 2 as well as equations (B.15)—(B.17), we have, as n — oo,
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where we have used the conditions in Assumption 1(ii), i.e., E[e;|F;—1] = 0 and E [¢}|F;—1] =

o2 a.s. We then have

Qp51(h) = Op(nin). (B.18)
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In order to deal with @, 5(h), in addition to @, 5 (h), we also need to investigate the

following term

Quan(h) = 3 [ S K (e av), (B.19)

where A(v) = gg(v,0) is defined as above. A Taylor expansion of A(-) implies that

A(Vy) = A(Ve) + A(Ve) (Vi = Va) + Cis(Vy — V42, (B.20)

where A(v) = dfh(;”) and Cis is bounded by Assumption 3(ii) and the second I-regularity
condition in Definition 2.3. Thus, in order to deal with (B.19), we need only to evaluate the

orders of the following terms:

Q) = {z_:K(W;%)A(VS)eSH27
=2 s—1

s~ VLI )
t=2  s—1

Qns2(3) = h4E{t;[:Z;Cts(%h%)QK(%th)es]}z.

Since @, 52(2) and @, 55(3) are of asymptotic orders smaller than that of @, 55(1), we next

deal with @, 55(1) only. Observe that

E{tz"; [t—lK(Vi - Vs)A(v;)es} }2 :iE{[iK(W)A(%)eS]F

n t1—1t1—1ta2—1
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Note that Vi, =V, =V, = Zf:sﬂ v; L Z]O'io bj (EE:erl ei_j) as t—s — oo. By Assumption

1(ii), we have, for all 1 < s < t,

E[es‘a(es—la'” y€15Es, " yE—00y €ty 7ES+1)]

= Eles|(es—1, - ,€1;€s, "+ ,6—00)] =0 a.s. (B.22)
Thus, by equation (B.22), we have, for all 1 < s < ¢
Eleslo (es—1,- - ,e1;ve, -+ ,01)] =0 a.s. (B.23)
And similarly, we have, for all 1 < s <t
E [(eg - O'g) |0 (€5—1,+ se1;v8,++ ,v1)] =0 a.s. (B.24)
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Using equations (B.23) and (B.24), we have

n t—1 9 n t—1
S e[ k(i amae]’ = 3oz E[k2(Bh a2 = 0 (m). (825

In order to deal with the second term on the right hand side of equation (B.21), we
consider the case where 1 < sy # s1 < t2 < t; < n. By equation (B.22) and some basic
calculations of conditional expectation, we have, for 1 < s9 # 81 < to < t1,

‘/;‘,17‘/:91 %27‘/52

AR i

)A(Vay) K ( )651632} = 0. (B.26)

Consider the case where s; = s and 1 < s9 = 51 < to < t1. Similarly to the derivation in
(B.25), it can be shown that, as n — oo,

n ti1—1to—1

SN Y[R (e ] = o). (B.27)

t1=3t3=25s1=1
Analogously to (B.26)—(B.27), one may also deal with other cases of s1, s2, t1, and t2, and
the asymptotic order would not exceed O(n%h2) as shown in (B.27). Therefore, by (B.21),
(B.25)-(B.27), we have, as n — oo,

n t—1
Vol . V:s,t 2 . 3.9
Q1) = E[;;K( L) A(V)es| = O(n?h?) +0 (nh). (B.28)
which implies that
Qus2(h) = Op(nih) + Op(Vnh). (B.29)
Therefore, using Lemma A.2(i), (B.18) and (B.29), we can prove that
@n,k’)(h) = OP((é\* 90) g@(v;fa QO)Ks,tes)
t=1 s=1,#t
= Op(én—l—n_%) -Op<n%h+ vnh) ZOP(EH) (B.30)
when 9,, = o (n_l/gh_1/4).
In a similar way, we may show that
Qn6(h) = 0p(an). (B.31)
The proof of Theorem 2.1(i) is completed by (B.1), (B.2), (B.4), (B.11), (B.13), (B.30)
and (B.31). [

PROOF OF THEOREM 2.1(ii). Note that

Qush) = >3 NVOKu+> Y [Aa(Ve) = Au(Ve)] K e (Vi)

t=1 s=1,#t t=1 s=1,#t
= @n,sl(h) + @n,32(h)' (B.32)



It is easy to see that @, 3;(h) is the leading term of @, 3(h). Following the proof of Theorem

2.1(i), we need only to show that when 6,n'/3h1/* — oo,

1 —

WQ”’gl(h) —p OQ. (B33)

Recall that p,(V;) = % > K(%) and V; = Zz 11 Vi- Since the kernel function

K(-) is symmetric and positive, we have, uniformly in 1 <t < [ %],

t—1 n
~ 0¢ V;,t O¢ ‘/ts
n(Vy) = — K — K 0
P = JE YK - 78 Y KO+ K
n ¢ ~
s vn—1 s (¢
> 99 Z K(%’ ) n 0y ZK(V())
V/nh S h vno Vn—th h
vn—1_ vn—1
= 7p(n,t)(O) +op(1) = NG Lp(1,0)+op(1), (B.34)
where V,(t) = Sty v and Pn—t)(0) = \/%h nt (\73}515))' We next show that the last
equality in (B.34) holds uniformly in 1 <t < | §]. Defining v§ = 0, v{ = vey1, -+, U5y = Un,

it is easy to see that ‘N/s(t) =V =07 vy and V¢ can be regarded as a unit root process

which satisfies the conditions in Lemma A.3. Note that

and the right hand side of the above equation is independent of t. Then, using (A.6) from
Lemma A.3, we may prove that the last equality in (B.34) holds uniformly in 1 <¢ < [].
Equation (B.34) implies that

n

ZN Vi) Y Kap > ZA2 (Vi) Z K
s=1,#t s=1,#t
5]

- > M) (3t - 2. 50)

L5
2 ot .
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>
1 13]
> —= > ALV (Lp(1,0) +op(1)). (B.35)
V245
By Definition 2.5, there exists an integrable function f() such that
AZ(v) > 62T'(v) and / T'(v)dv > 0. (B.36)
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Then, by (B.35), (B.36) and Theorem 5.1 in Park and Phillips (1999), we have

n

nhsz"?’l( ) = nh5 Z ve) Z Kot

=1 t=1 £
_ \/;MS%;N(V)(\thansta‘i/[i(ho))

. L%O) Lgif(vs)(uolaa))
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as n — oo. We can show that (B.33) holds if 6,n!/8h/* — co. Note that when §,n!/8h'/4 —
00, we can show that @ng)(h) is the leading term of @, (h) asymptotically under H{. The
proof of Theorem 2.1(ii) is therefore completed. [

PROOF OF THEOREM 2.2(i). By Definition 2.6, there exists an asymptotically homoge-

neous function A(-) such that

max {A%(v),

W()An()| } < A (), (B.38)
where A(\z) = v2(A\)H(x) + R(z, ), in which H(-) is locally integrable and R(-,-) satisfies
condition (i) or (ii) in Definition 2.6.

By (B.38), Lemma A.3 and Theorem 5.3 in Park and Phillips (1999), we have, as n — oo,

Qn3 Z Z A s s,tAn(‘/t) = OP(n3/2U2(\/ﬁ)h5721)7
s=1t=1,#s
which implies that (B.11) holds when n%/81(y/n)h'/*5, — 0 holds. The rest of the proof is
the same as that of Theorem 2.1(i). Details are thus omitted here. |

PROOF OF THEOREM 2.2(ii). By Definition 2.6, there exists an asymptotically homoge-
neous function A(-) such that A2 (v) > §2A(v),

A(A\z) = v2(\)H (z) + R(z,\) and / b H(v)Lg(1,v)dv > 0. (B.39)

Similarly to the derivations in (B.35) and (B.37) and by n3/8v(y/n)h'/4s, — oo, (B.39),
Lemma A.3 and Theorem 5.3 in Park and Phillips (1999), we have

0'(15 — o -
\/ﬁnLB(l,0)02(\/ﬁ)h5an’31(h) = fnLB(lovz /n)ha2 ZA2 )t:ZI;SKS,t
e ZA (1+0p()
Sp /_ H(v) Li(1, v)dv (B.40)
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as n — oo, which implies that equation (B.33) holds. The proof of Theorem 2.2(ii) has

therefore been completed. |

ProOOF OF PROPOSITION 3.1. Recall that

QuiM) =" " eKges=>_ Y etK(Vs ; W)es

t=1 s=1,#t t=1 s=1,#t

We next use Lemma C.3, which is given in Appendix C of this supplementary document, to

prove (3.2) in Proposition 3.1. Let

Ks,t/o'n,lv S 7& t,
Qs t =

)

0, s=1,

where K, = Ky due to the symmetry of K(-). Define Aj(h) as Ag(h) given in (3.4) with
K being replaced by a,;. Letting Ap, A, V, x and d be defined as in the notations above

Lemma C.3 in Appendix C, we can derive their explicit forms in our setting:
Ay=A=A5h), V=0, d=0, k=pu(h), (B.41)

where p,(h) is defined in (3.3). To prove (3.2), we only need to derive the rate for M,, which
is defined in Lemma C.3 in Appendix C.
Note that, by Lemma A.4(i), we have

n

Cln3/2h 1+0P <Z Z K2 ‘/t <02n3/2h( +0P(1)) (B42)
t=1 s=1,#t

We next show that

n

max K(
1<t<n
s=1,#t

P22y < Cyvan (14 0p(1) (B.43)

for some constant 0 < C3 < co. By a standard argument, we have
max{ Z K(Vt VS)}: max {LiK(L_VS)—@}
1<i<n LVPh 42 i<t<n \Vnh & h Vnh
1 Vi—Vs
= max {WS;K( Vs ) } +op(1).

1<t<n

(B.44)

By Lemma C.4 in Appendix C, we have, for sufficiently large Cs > C5 > 0,

\fh Z T ) > Cs} { max |Vi| < Cgf}) = o(1). (B.45)

P ({ mas
1<t<n
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Meanwhile, for any given small § > 0, by the functional limit theorem and continuous map-

ping, we have

P(fg&xn V| > 02\/5) <4 (B.46)

for sufficiently large Cy. Equations (B.44)—(B.46) imply that
I VeV
> K( )
V/nh — h

P ( max
1<t<n
n

= P({ | DA O] > ol o { g il < cavil) +

> Cg>

P({ max Lz:K(V%_V;”) >C'3}ﬂ{1r£tzgl"/}‘ >02ﬁ}>

IN

1 Vi—Vs
—_— <
P({ s | LK) > Capn { s IVl < Covin) +
P(lrg%xn V| > 02\/5) = o(1). (B.47)
This completes the proof of (B.43).
Let Amax be the maximal eigenvalue of the matrix A§(h) in absolute value and L; be

defined in the same way as in the notation above Lemma C.3. By (B.42) and (B.43), we

have, as n — oo,

- Vnh ~1/471/2
< = = )
Amax < 121%)(” _12# Gst 0P<m) Op (n h ), (B.48)
and for some constant \g > 0,
[Ao(h)|| = al; > Ao (B.49)
t=1 s=1,#t
In view of (B.48) and (B.49), we have
)\2
—max . — Op (n~Y2n) . (B.50)
A5 (R)]12 ( )

Meanwhile, we have

> L'f = > 2 a;l,t +2 > X a?,tlai,tz,
t=1 t=1 s=1,#t s=1t1=1ty=1,#t1 (B51)
= Op (vanh/(y/anh)? +n2h?/(/inh)?) = Op(n~),

which implies

e Oeta ) (532



With (B.50) and (B.52), we can show that the order of M, (defined in Lemma C.3) is
Op(n~'/2), which, together with (B.41) and Lemma C.3, proves (3.2) in Proposition 3.1.
We next prove (3.5) by using (3.2). Observe that under the null hypothesis Hy

Qn(h) = Z Z /e\tKS,té\S = @n,l(h) +©n,2(h) +©n,5(h)v (B53)

t=1 s=1,#t

where @n,j(h)7 j =1,2,5, are defined in (2.3) of the main article. Define the event that

>5n}7

where s, = n~V8h1/4 and let D¢, be the complement of D,,. Using arguments similar to
those used in the proof of Theorem 2.1(i) and the proof of (A.5) in Gao et al (2009b), we can
show that

On1 —On

D, = {‘Qn,Q(h):Qn,S(h)’ S Sn} U {

n

On,1

P(Dn) = o(1). (B.54)

Note that

P(Qn(h) <) = P({Qu(h) <2} D5) +P({Qn(h) <2} N D,).

This, together with (B.54), indicates

P(Qu(h) <) = P({@u(k) < 2} ND) +o(1). (B.55)

On the event D¢, both CnaWFQns(h) o 4 In1=Tn o6 hounded by s, which converges to zero

On On,1

as n tends to infinity. Hence, by (B.53), (B.55) and (3.2), we have, as n — oo,

P (@n(h) < x) — ®(z)| = 0 (B.56)
uniformly in x € R. Similarly, we have, as n — oo,
[ (@;;(h) < :E) — ®(z)| =p 0 (B.57)

uniformly in € R. We can then prove (3.5) by (B.56) and (B.57). The result (3.6) follows
directly from (3.5). The proof of Proposition 3.1 is completed. |

PROOF OF PROPOSITION 3.2. Observe that

Bih) = P (Qu(h) > i3]HE) =1 =P (Quh) < ]} )

@nf»(h) . 25:2,753 @n»](h) |H1L) .

On On

- 1- P(Qn,l(h) <1 - (B.58)
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Since the proof of Proposition 3.2(ii) is similar to that of Proposition 3.2(i), we only provide

the proof of Proposition 3.2(i). Following the proof of Theorem 2.1, we have, as n — oo,
Qni(h) =op (nhd2), i=2,4,56 (B.59)
and
P(csnhdy < |Q,s(h)| < cinhél) — 1, (B.60)

for some 0 < ¢§ < ¢ < oo. By (B.59) and (B.60), we may show that

Q, . (h Q, 3(h
Qnith) _ oP<Q”’3( )) for i = 2,4, 5, 6. (B.61)
On Tn
6 0D . Vol -
By (B.61), ZF%TW is dominated by Q”Eii(m which is asymptotically equivalent to QZT‘"S(lh)
by (B.54). Hence, we have
Qn,S(h)

B (h) £ 1= P(Qualh) <13 - (1+0p(1))). (B.62)

On,1

Noting that I} — Q’;Tg’(lh)

of Proposition 3.2 (i). [

is independent of {e;}, by (3.2) and (B.62), we complete the proof

Appendix C: Alternative estimation method of 0, and proofs of the

technical lemmas

We start this appendix with the introduction of an alternative estimation method for
fp under HlL . The basic idea of the estimation method is to use the profile least squares
approach, which involves the following two steps. Firstly, for given 6, estimate the distance

function by a local linear smoothing method
Bu(,0) = 3 Wa(v) [Yi — 9(Vi, 0)],
t=1

where {w,;(v)} is a sequence of weights given by

@nt(v) = Zn (

ST ] T = 1) B ()],

L(-) is a kernel function, b; is a bandwidth and

n

< 1 Vi—vyj, Vi—wv .
Snj(v)—\/ﬁblg( b ) L( b ) for j=0,1,2.
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Secondly, substitute A, (v, ) for A, (v) and minimise the following nonlinear least squares

with respect to 6 to obtain the estimate of 6:

0 = argmlnz Y —g(V,0) — An(V,},G)]2

n

> 2
arggélél > Ve —3g(V,0)]", (C.1)
where Y; = Z Wns(V1)Ys and g(V4,0) = g(V4,0) Z Wns(Vi)g(Vs, 0). Following the

standard argument for local linear smoothing (c.f., Fan and Gijbels, 1996), one may show

that as n — oo,

G(Vi,0) = cgijo(Vi, 0)b3[1 + 0p(1)] and A, (Vi) = caln(V)b2[1 + op(1)], (C.2)
where §,(v,0) = %, An(Vi) = An(Vy) — Z ns (Vi) An(Vs), ¢q and ca are two constants

. 2
and A, (v) = d 31:12( v) For derivatives of g(v 0), we use the subscript v to indicate that the

derivatives are taken with respect to v and the subscript 6 to indicate they are taken with
respect to 6. By some elementary calculation, one can also show that under the assumptions
given in Section 2.3, the rate of convergence of the profile least squares estimator 0 is slower
than that of the NLS estimator 6. Hence, we propose using the NLS method to estimate 6.
Chen, Gao, and Li (2011) studied the estimation of the time series model Y; = V;f+A(V;)+ey,
where {V}, e;} is a stationary time series and f is a parameter. They pointed out that the
conventional estimation method developed for the partially linear model Y; = V; 5+ A(Uy) +
e; with distinct regressors V; and U; in the linear and nonlinear components cannot be
directly applied to the model with identical regressors in the two components, as otherwise

the resulting estimator of 8 may be inconsistent.

We next provide the detailed proofs of the technical lemmas listed in Appendix A of the

main article.

PROOF OF LEMMA A.1. Recall that p;(-) is the marginal density function of V; and pg/(-, )
is the joint density function of (V;, V). Letting ¢:(-) be the marginal density of \[, we may
show that p(v) = %qt(%) Following the argument in Section 8.1 of the supplemental
material Wang and Phillips (2012) and by using Assumption 1(i), we can show that g.(-) is

uniformly bounded. Hence, we can prove the first inequality in (A.1). Noting that

(0:0) = — (==, ) = (e ()
bst\v, \/(t_s)sqst \/t— S’ \/g mqst \/t—is \/g qs \/g )
where qst( ) is the joint density function of ( \/% \‘;%) and gs;(+|u) is the conditional density

Vs . .
of Vi \/7 given ST for t > s, the second inequality in (A.1) follows similarly. |
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PROOF OF LEMMA A.2(i). Define
n
=2 [ —9(h.0)
t=1

and

Ln(0) =2 [Vi — g(Vi,0)] 36(V1, 0).

Following the proof of Theorem 4.1 in Park and Phillips (2001), we may show that 6 is a
consistent estimator of fy. By a first-order Taylor expansion of £, (6), we have

~

= L(0) = L(80) + L (0:)(0 — 6p), (C.3)

where 6, lies in the line segment connecting 9 and 0o, and

Lo(0) = —2dev;, )[90(V2, 0) +2ZY,: 9(Vi,0)) Go(V2, 0)
= £n1(0)+£n2(0)

with §g(v, ) being the second derivative of g(v,#) with respect to 6.
By Theorem 3.2 in Park and Phillips (2001), we have, uniformly for 6 € ©,
L1 (6) = p —2 / Go(v,0) [g0(v,0)] " dv | Lp(1,0), (C.4)
vn oo
where Lp(1,0) is the local time process of the standard Brownian motion B(t) at point 0

over the time interval [0,1]. On the other hand, under H{,

Lna(0s) = 2 eriip(Vi, 0o +2ZA (VD)o (Vi, 0o Z (Vi 60) — 9(Vi, 00)] o (Vi 6s)
t=1 i—
= 2£n3(90)+2£n4(00)+2£n5(90). (C.5)

By Definition 2.5 in Section 2.2 of the main article, there exists an integrable function I'(-)
such that
A7 (v) < 67T (v).

By the Cauchy-Schwarz inequality and Theorem 5.1 in Park and Phillips (1999), we have

1£na(o)ll =

(C.6)



as 0p — 0. Following the proof of Theorem 5.1 in Park and Phillips (2001) and noting that

|6 — 60| = op(1), we have

1£03(06)]| = Op(¥/n) = op(v/n), ||Lns(0s)] = op(v/n). (C.7)
By (C.4)—(C.7), we have
;ﬁﬁn(ao) = \}ﬁﬁnl(eo) + op(1)
—p =2 ( /_ go(v, 05) [ge(v,eo)}Tdv) Lp(1,0). (C.8)

Since # is a consistent estimator of o, we have 0, — 0y = op(1). Hence, L,,(6,) = ﬁn((%)(l +
op(1)). In view of (C.3), we have

0= L(8) © L(80) + L0 (60)(8 — bo)-

By the Convexity Lemma in Pollard (1991), we have

0 — 00 ~ — L (60)Ln(6p). (C.9)

Under the sequence of local alternatives Hf, we have
Ly (60) = Qigo(vb@o)%+2Zn:£79(Vt,90)An(Vt)- (C.10)
t=1 t=1
Following the proof of Theorem 5.1 in Park and Phillips (2001) again, we have
ige(‘/}, fo)er = Op(v/n). (C.11)
t=1

By the Cauchy-Schwarz inequality and Theorem 5.1 in Park and Phillips (1999), we have

(32 otV o)) (3 02"
t=1 —

IN

1Y g6(Vi, 00) An (V)|
t=1

- op(s/ﬁan)(i:r(m))”z = Op(V/6y). (C.12)
t=1

In view of (C.8)—(C.12), we can show that Lemma A.2(i) holds. [

PrROOF OF LEMMA A.2(ii). When Assumption 3’ is satisfied, by Theorem 3.3 in Park
and Phillips (2001), we have

1 2 = .
mﬁnl(eo) = W ;90(%, tho) [90(‘/;5, 90)]T
1
—p— 2/0 h(B(r),0)[A(B(r),0)] " dr # 0. (C.13)
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By Definition 2.6, there exists an asymptotically homogeneous function A(-) with order v2(-)
satisfying A2 (v) < §2A(v). Hence, by Theorem 5.2 in Park and Phillips (2001) and following
the proof of Lemma A.2(i), we can complete the proof of Lemma A.2(ii). [

ProOOF OF LEMMA A.3. Lemma A.3 can be proved by using Theorem 2.1 in Wang and
Phillips (2009) and details are omitted here. |

PROOF OF LEMMA A.4(i). In order to prove Lemma A.4(i), it suffices to evaluate the
order of Y17y 3¢ 4 K2 ,. Following the proof of (B.35), we have

n n (3] n
Z Z Ks2,t = ZZth_”KZ (0) = Kg,t_”KQ(O)
t=1 s=1,%£t t=1 s=1 t=1 s=[3]
(3]
> clz\fh—nKQ( ) > en®/?h (C.14)

t=1

in probability, where 0 < ¢; < ¢] < co. Similarly, we can also show that
n
Z Z K‘f’t < eon’?h (C.15)

in probability, where 0 < ¢; < ¢ < co. By (C.14) and (C.15), we complete the proof of
Lemma A.4(i). [

PROOF OF LEMMA A.4(ii). Let

n t—1

ZKtsesa qn—Uézszs, Unt = tet)/Qn

t=2 s=1

and Q,; = o(er, -+ ,e; Vi, -+, Vy) be the o-field generated by {(e;,V;) : 1 <i<t;1<j <
n}. Note that

Qn,t == 0—(617"' 7€t;vla"' ;Vn) g ]:n,t - 0_(617"' y €ty E—o0y 3 ELH1,EEH2, 0 7677,)'

Recall that F; = o(e1, - , €600, ,€¢+1) as defined in Assumption 1(ii) and e; is inde-

pendent of eg, t > s + 1. Then, we have

Eled| Fri—1] = Eledo(er, - et—156 00y 5 €43 €041, »En)]
= Eled]o(er, - er—156—00, + , &) = Eler| Fe—1] =0 a.s.,
where we have used the fact that (e;,e;—1,-+-,e1;6,6¢-1, "+ ,6—00) and (441, - ,Ep) are

independent. Hence, {(Um, Qnt)} forms a sequence of martingale differences.
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By Theorem 1 of Pollard (1984, p. 171) or Corollary 3.1 of Hall and Heyde (1980), to

prove
> U —p N(0, 1), (C.16)
t=2

it suffices to show that, for any § > 0,

ZE tl{[Um\>5]}’Qnt 1] —=p 0, (C.17)
t=2
ZE UZ|Qni—1] —p 1L (C.18)
t=2

In view of the definition of {U,:}, in order to prove (C.17) and (C.18), it suffices to show

that, as n — oo,

1

qunf —p 0 and (C.19)
=2
Ug = 2

n t=2

The proofs of (C.19) and (C.20) are given in Lemmas C.1 and C.2 below, respectively.

LeEmMA C.1. Under the conditions of Lemma A.4(ii), we have, as n — oo,

Dien (Zi_ll K t68)4

—p 0. (C.21)
(T, Tt k2)
PROOF. Observe that
E [nt = z_: z_: Z_: i E Ko 1Koy 1Koy 1K s, 1€, €55€55€5,] - (C.22)
1=1 sp=1s3=1 s4=1
By Assumption 1(ii), we have, for all 1 < s < ¢,
E [65\0(63—1, e L @11Es, 2 E—oo) Ety 7€s+1)]
= Eleslo(es—1, - ,€15€8,  ,6—00)] =0 a.s. (C.23)
Thus, by equation (C.23), we have, for all 1 < s < t,
Eles|o(es—1,- -+ ,e1;v, -+ ,v1)] =0 a.s. (C.24)

There are several terms involved in a sum of the form: $ ¢! o=1 252 1 53 D D om1- We

start with the case that si, so, s3 and s4 are all different. Without loss of generality, let

17



1 <84 < 83< 83 <s1 <t in the following discussion. By (C.24), we have, for 1 < s4 < s3 <

Ss9 < 81 < ¢,
E[€51652653654‘O’(’054+1,'" 7/1)83;/1)834-17"' s Usgs Usg+1y " 3 Usys Usy41y°*° ,’Ut;€54,€53,652)]
- 682683684E[681‘0—(US4+17' o 7’[}83;1}83-{-17“' 7082;’082—‘,—1)" : 7Ut;eS476837682)]
= 0 a.s. (C.25)

Let K(s1,---,84,t) = K, 1K, 1K, 1 K5, +. Equation (C.25) implies that, for 1 < s4 < s3 <

s9 < 851 < €,
E[K(817"' ,84,t)€51652633654}0'(1)54+1,--~ 1y Uszi Usz+1) " 3 Usys Usg41y " 77 5 Usys Usy 41, 7vt)]
— K(Sla e 334at) : E[651632683684‘O—(1}S4+1, crt 3 Us3yUss 41y 3 Usgs Usg41s " 3 Usyy Usy41, " avt)j|
= 0 a.s., (C.26)

which implies that

E[K(s1, -, 84, t)es €55€55€5,] =0 (C.27)

for 1 < s4 < 83 < 89 < 81 < t. Similarly, for the case that at least three of s1, s3, s3, s4 are
different, equation (C.27) also holds. Hence, by (C.14) and (C.15), in order to prove (C.21),

it suffices to show that, as n — oo,

n t—1

1 t—1
n3h2 Z Z Z E [K281K752782631632] — 07 (028)
t=2 s1=1s9=1,#5;

n t—1

1
—5 > ) E[Kiel] — 0. (C.29)
t=2 s=1

We first prove (C.28). By the same arguments as that in the proof of (B.16) in Appendix

B and Assumption 1(ii), we have, for 1 < s9 < s9 < t,

E (K7, KZ,, 22 =0t E[K}, Ki,,]- (C.30)

81 782

Let fs(-) be the density function of V; — V; for ¢t > s and gs(-) be the density function of
ﬁ(Vt —Vs) = \/% ZEZSH v;. By Lemma A.1, we have, as t — s — 00,

1 1 < Co

Vit — sgSt(\/t — s) T Vt—s

uniformly for x, where ¢y is sufficiently large. Following similar arguments to those in the

fst(x) = (031)
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proof of Lemma A.2 in Gao et al (2009b), we have

22 T () (

t=2 s1=1s2=1,#s1 >:|

) )

t=3 s1=2 s2=1

n t—1 s;—1

1

2
< 2¢n% (1 K*(u)d
= Cy </ U) Z o 1\/75—81\/51*82

t=3 s1=

= 0O(n*h?) =o (n3h2) ,

(C.32)

where we have used the convergence result in (C.31). Then (C.28) follows from (C.32). In a

very similar fashion, we can prove (C.29). This completes the proof of Lemma C.1.

LeEmMA C.2. Under the conditions of Lemma A.4(ii), we have, as n — oo,

z”z“ 22(’“ Z 3>%PO'

st t=2

PROOF. Observe that

n n t—1 n t—1 n t—1 s1—1
Z 2 Z Z 2 ZZ 2 2 Z Z Z
7715 = ( KSJBS) = Ks,tes + 2 elesl,tKSQ,teSQ‘
t=2 t=2 s=1 t=2 s=1 t=3 s1=2 s92=1
We first show that, as n — oo,
n t—1

e —0 —>p0.

t—1
Zt22 K?tt2sl

Similarly to the proof of Lemma C.1, it can be shown that

n t—1

D D Kl —o2) = op(n®h),

t=2 s=1

(C.33)

(C.34)

(C.35)

(C.36)

which leads to (C.35). In view of (C.34) and (C.35), to prove (C.33), we need to show that,

as n — 0o,

n
n3/2h Z Z Z es; Ky tKSQt es, —p 0.

t=2 s1=1s9=1,%#s1
It suffices to show that, as n — oo,

n t—1 s1—1

n3h2 Z Z Z KSItKS2t632651] — 0.

t=3 s1=2 s2=1
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Note that
n t—1 s1—1 9
(53 Kk e
t=3 s1=2s2=1

n t1—1ta—1s1—1s9—1

n
- Z Z Z Z Z Z E[KthslKt1783Kt2,82Kt2,34651652653634] (0.39)
=3

t1 to=3 s1=25s2=25s3=1s4=1

n n ti1—1ty—1 n n ti—1tx—1
_ 4 2 2 4
= 0O § E E , E E[Ktl,letg,sg] + 20@ E E E § : E[Ktl,slKthSSKtz,Sthz,sA'
t1=3t2=3 s1=2 s2=2 t1=3t3=3 s1=2 s0=2

In order to evaluate the order of (C.39), we only consider the case for 1 < s9 < 51 < tg <
t1 <n as the evaluation in other cases is similar. When 1 < s9 < 51 < t3 < t; < n, similarly

to the derivations in (C.32), we can show that the last term in (C.39) becomes

n ti—1ta—1s1—1

4 ‘/tl_‘/tz %2_‘/;1 ‘/tl_‘/;fz ‘/;52_‘/:91 ‘/;1_‘/32
MR LD g e R )

%2_‘/81 ‘/;2_‘/81 VSl_‘/TSQ
h )K( h + h )]
n ti—1ta—1s1—1

1 1 1
cn’ ZZZ Z Vil —t2 Vta —s1 /51— 2

t1=4t2=3 s1=2 s2=1

= O(n3h3) = o(n®h?), (C.40)

XK (

IA

where C' > 0 is sufficiently large. We can also show that the first term on the right-hand side
of the last equality in (C.39) is of a smaller order than n®h2. Thus, the proof of (C.38) can
be completed. This completes the proof of Lemma C.2 and therefore Lemma A.4(ii). |

We next present a lemma established by Gotze et al (2007) which has played a crucial
role in the proof of Proposition 3.1. Note that the assumption of continuous randomness
of {X;} is needed for the establishment of the Edgeworth expansion for the quadratic form
in Lemma C.3 below. Under the continuous randomness of {X;}, the Cramér’s condition is
satisfied automatically (see p.45 of Hall 1992).

Consider the following quadratic form

n
Qn =) aj;(X; —EX7]) + ) XjaXy, (C.41)
j=1 #k
where { X} is a sequence of i.i.d. continuous random variables with E[X;] = 0, E[X?] = 1 and
E[|X1]%] < oo, {a;i} is a sequence of real numbers possibly depending on n. Let A = (@jk) =1
be an n x n matrix with entries a;x, and define ||A[ = >7%, _, a?k and Tr(A) = 377 ajj,

and A\ as the maximal eigenvalue of A in absolute value. Further define

n n
2 E 2 2 E 2 . /
V = ajja E]: ajka ]:17”'7”7 d:(a117a227'”7ann)7
7j=1 k=1

20



and up = E[XF], B = E[|X1]¥], k = 1,---,6. Let Ap denote an n x n matrix with zero

diagonal entries and define

n 1/2
G (2j=1£§)/}

Mn = 5
max{||A||2 NE

_ 4
7= (= BV + 2B A0l =0 (i A0d + JudTAD) )

The coefficients in the quadratic form (C.41) should satisfy the following conditions.

Q (i) |A]l < oo

Q (ii) There exists some absolute positive constant b2 > 0 such that

2

1 > b2,

[A]> —
Lemma C.3 below establishes an Edgeworth expansion for the quadratic form defined in

(C.41). A detailed proof is available in Goétze et al (2007).

LeMMA C.3. Under conditions Q(i) and Q(ii), we have

sup |P(Qn /oy < x) — ®(z) + k®O) (:c)‘ < Oyt (B3 + V(A7 Bs) g ® My,
TER

where C is some positive constant.

In addition to Lemma C.3, we also need Lemma C.4 below to prove Proposition 3.1. It
follows from Theorem 2.1 of Wang and Phillips (2009), and a rigorous proof is given in Wang
and Chan (2012)!. A similar result is also given in Theorem 4.1 of Gao et al (2014).

LeEMMA C.4. Under Assumptions 1(i) and 2, we have, as n — oo,

1 «— Vi—w
P sup | —— K( >
<|v|scwa Vnh 2 h

t=1
for some small 0 < e <1 and 0 < Ca,C5 < 0.

> C;) <e (C.42)
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